APPROXIMATE REPRESENTATIONS 
AND VIRASORO ALGEBRA 



D.V.Juriev 



Research Center for Mathematical Physics and Informatics "Thalassa Aitheria" 
ul.Miklukho-Maklaya 20-180, Moscow 117437 Russia. 
E-mail: denis@juriev.msk.ru 



February, 1997 |math.RT/9805001 



This article being addressed, in general, to the specialists in the theory of repre- 
sentations of finite dimensional reductive and infinite dimensional Z-graded Lie al- 
gebras, the theory of approximations in functional analysis and asymptotical meth- 
ods in the operator calculus and, partially, in the mathematical physics (algebraic 
quantum field theory) , is devoted to an investigation of algebraic and analytic struc- 
ture of infinite dimensional hidden symmetries in the theory of representation of 
finite dimensional reductive Lie algebras. More precisely, the subject of the paper 
is a realization of the infinite dimensional Z-graded Witt algebra of all Laurent 
polynomial vector fields on a circle and its one-dimensional nontrivial central ex- 
tension (the Virasoro algebra) by hidden symmetries in the Verma modules over 
the Lie algebra s[(2, C) (the so-called g^j-conformal symmetries). These infinite di- 
mensional Lie algebras are realized by the gi^-conformal symmetries approximately. 
In the article there are considered two kinds of approximate representations: the 
representations up to a class & of operators (Hilbert-Schmidt operators, compact 
operators or finite-rank operators) and asymptotic representations "mod 0{h)" , 
where ^ is a parameter (in this case several definitions of an operator "O-large" by 
the parameter h are possible). The approximate representations of the first kind 
may be naturally considered in the context of the pseudo-differential calculus [1,2], 
whereas ones of the second kind - in the context of the asymptotic methods [3-5]. 
Note that the asymptotic representations "mod 0{h)" were explored in the formal- 
ism of the Karasev-Maslov asymptotic quantisation [6], and representations up to 
& are certain generalisations of the projective representations [7,8]. 

Results of the article, some of which were anonced in the electronic preprints of 
the electronic archive on functional analysis (the Los Alamos National Laboratories, 
USA), should be considered more as observations than as theorems with laborious 
proofs, which are not clear from their formulations. Proofs of all facts are performed 
really in one step and are bulky computative exercises (omitted where it is possible) 



^ This is an English translation of the original Russian version, which is located at the end of 
the article as an appendix. In the case of any differences between English and Russian versions 
caused by a translation the least has the priority as the original one. 



based on the formulas derived by the author earher; thus, the attention should be 
devoted, in general, to the formulations of results themselves. 

§1. Preliminary definitions 

1.1. The Lie algebra sl(2, C) and Verma modules over it. Lie algebra sl(2, C) 
is a three-dimensional space of 2 x 2 complex matrices with zero trace supplied by the 
standard commutator [X, Y] = XY — YX, where the right hand side multiplication 
is the standard matrix multiplication. In the basis 




the commutation relations are of the form: [/j, Ij] = {i — {i^j = —1, 0, 1). Lie 

algebra sl(2,C) is Z-graded: deg(/i) = — ad(/o)^i = i, where ad(X) is the adjoint 
action operator in the Lie algebra: ad(X)F = [X, Y]. Therefore, Z-graded modules 
over s[(2, C) are Zo~diagonal. A vector v in a Z-graded module over the Lie algebra 
sI(2,C) is called extremal iff liv = and the linear span of vectors l^iV {n G Z_|_) 
coincides with the module itself (i.e. v is a cyclic vector). A Z-graded module with 
an extremal vector (in this case it is defined up to a multiplier) is called extremal 
[11]. An extremal module is called the Verma module [12] iff the action of /_i 
is free in it, i.e. the vectors P^v are linearly independent. In the case of the 
Lie algebra s[(2, C) the Verma modules are just the same as infinite dimensional 
extremal modules. An extremal weight of the Verma module is the number defined 
by the equality Iqv — hv, where v is the extremal vector. The Verma modules are 
defined for all complex numbers h and are pairwise nonisomorphic. Below we shall 
consider the Verma modules with real extremal weights only. 

The Verma module Vh over the Lie algebra si{2, C) with the extremal weight 
h may be realized in the space C[z] of polynomials of a complex variable z. The 
formulas for the generators of the Lie algebra sl(2, C) are of the form: 

l-i = z, Iq = zdz + h, h = zdl + 2hdz., 

here ^ f^. 

The Verma module is nondegenerate (i.e. does not contain any proper sub- 
module) iff /i ^ — ^ (n e Z-i-). The Verma module Vh is called unitarizable (or 
hermitean) iff it admits a structure of the pre-Hilbert space such that /* = l-i. The 
completion of the unitarizable Verma module will be denoted by V^^^^. The Lie 
algebra s[(2, C) acts in V^^'^ by the unbounded operators. Also it is rather useful 
to consider the formal Verma modules V^""^™, which are realized in the space C[[z\] 
of formal power series of a complex variable whereas the formulas for generators 
of the Lie algebra s[(2, C) coincide with ones above. Note that C V^^''^ C y^orm 
and modules Vh, V^^^^ , y^orm fQ^.,^ ^]^g Gelfand triple or the Dirac equipment of the 
Hilbert space V^'^^. An action of the real form of the Lie algebra sl(2, C) generated 
by the anti- Hermitean operators i/o, — ^-i and + l-i) in the Hilbert space 
V^^^^ by the unbounded operators is exponentiated to a unitary representation of 
the corresponding simply connected Lie group. 

In the nonunitarizable Verma module over the Lie algebra 5[(2, C) there exists 
the unique (up to a scalar multiple) indefinite sesquilinear form (•, •) such that 
{liVi, V2) = (f 1, l-iV2) for any two vectors v\ and V2 from the Verma module. If this 
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sesquilinear form is nondegenerate (in this case the Verma module is nondegenerate) 
then it has a signature (n, oo), where n is finite, and therefore, there is defined a 
Pontryagin completion [10] of the Verma module. The corresponding module in 
which the Lie algebra sl(2, C) acts by the unbounded operators will be denoted 
by 14^°^^^ The following chain of inclusions holds: 14 C V^°''^' C V^"'"^. An 
action of the real form of the Lie algebra s[(2, C) generated by the anti-Hermitean 
(with respect to the nondegenerate indefinite sesquilinear form (■, •)) operators Uq, 
li — l-i and + l-i) in the Pontryagin space V^°"*^ by the unbounded operators 
is exponentiated to a pseudounitary representation of the corresponding simply 
connected Lie group. 

1.2. Hidden symmetries in Verma modules over the lie algebra 5l(2, C): 
Lobachevskii-Berezin C*— algebra and qfij— conformal symmetries. 

Proposition 1 [13]. In the nondegenerate Verma module Vh over the Lie algebra 
sl{2, C) there are uniquely defined the operators D and F such that 

[AU] = 1, [DM=D, [D,h]=D\ 
[Z_i,F] = l, [k,F] = F, [h,F]=F\ 

If the Verma modules are realized in the space C[z] of polynomials of a complex 
variable z then 

D = dz, F = Zj^:^, 
where ^ — zdz- The operators F and D obey the following relations: 

[FD,DF] = 0, [D,F] = qnil - DF){1 - FD), 

where qr = 2h-i ■ ^''^ unitarizable Verma module (qr^O) the operators F and 
D are bounded and F* = D, D* = F. 

The algebra generated by the variables t and t* with the relations [tt*,t*t] — 
and [t, t*] — qR{l — tt*){l — t*t) being the Berezin quantization of the Lobachevskii 
plane realized in the unit complex disc (the Poincare realization) [14] is called the 
Lobachevskii-Berezin algebra. Proposition 1 allows to consider the Lobachevskii- 
Berezin algebra as a C*-algebra. The Lobachevskii-Berezin C*-algebra war redis- 
covered recently by S.Klimek and A.Lesnievsky [15]. 

Proposition 2 [13]. In the nongenerate Verma module Vh over the Lie algebra 
s[(2,C) there are uniquely defined the operators L^ (n e Z) such that 

[k, Ln] = {i- n)Li+ri {i = 1, 2, 1; n e Z), 

moreover, Li = U (i = — 1,0, Ij. If the Verma modules are realized in the space 
C[z] of polynomials of a complex variable z then 

Lk = {xi +{k + l)h)d^, {k > 0), L_fc = {k > 1), 

where ^ = zd^. The operators L^ obey the following relations: 

[Ln, Lm] = (n - m)Ln+rn, if n, m > -1 or n, m < 1. 
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In the unitarizable Verma module the operators Ln are unbounded and L* = L_i. 

The operators L„ are called the qfi^-conformal symmetries. They may be sym- 
bolically represented in the form: 

Ln = D''^LqD''^^~^\ L_n = F""^^-^^ LoF""^ . 

To supply the symbolical recording by a sense one should use the general commu- 
tation relations 

[L^, f{D)] ^ {-Dr+'f'{D) in > -1), [L_^, /(F)] = (n > -1) 

for n = 0. 

The commutation relations for the operators D, F and the generators of qr- 
conformal symmetries with the generators of the Lie algebra 5l(2, C) mean that the 
families Jk and Lk {k E Z), where Ji = J-i = (i e Z+), are families of 
tensor operators [8,16] for the Lie algebra s[(2, C). 

To the families of tensor operators and Lj. one may correspond the generating 
functions - the operator fields, i.e. the formal Laurent series of a complex variable 
u with operator coefiicients: 

J{u) = 5^ M-u)-'-\ T{u) = J2 H-u)-'-\ 

iei iez 

For any value of u an operator field realizes a mapping from into V^°^^. The 
fact that Jk and Tk (/c G Z) form families of tensor operators on the language of 
operator fields means that 

[k, J{u)] = {-uyj{u) - i-uY+^J'iu), [k, T{u)] = 2{-uyT{u) - i-uY+^T'iu). 

The operator fields V{u), which transform as s-differentials under the action of 
the Lie algebra s[(2, C) (i.e. which obey the identity [Z^, F(u)] = s{—uyV{u) — 
{—uY'^^V'lu)), are called the 5[(2, C)-primary fields of spin s; so the operator 
fields J{u) and T{u) arc s[(2, C)-primary ones of spin 1 and 2. The operator fields 
J{u) and T{u) as well as their properties are explored in detail in [13]. 

1.3. Infinite dimensional Z— graded Lie algebras: the Witt algebra tt)*^ of 

all Laurent polynomial vector fields on a circle and the Virasoro alge- 
c • • • 

bra Dir , its one-dimensional nontrivial central extension. The Lie algebra 
Vect(5'^) is realized in the space of C°°-smooth vector fields v{t)dt on a circle 
~ ]R/27rZ with the commutator 

[vi{t)dt,V2{t)dt] = {Vl{t)vi,{t) - V[{t)v2{t))dt. 

In the basis Sn = sm{nt)dt, Cn = cos{nt)dt, h = dt the commutation relations have 
the form: 

[sn, Sm] = |((m - n)sn+m + sgn(n - m)(n + m)s|„_„|), 

[cn, Cm] = liin- m)sn+m + sgn(n - m)(n + m)s\n-m\), 

[Sn, Cm] = ^{{m - n)Cn+m - (m + n)c|^_m|) " uSnmh, 

[/l, Sn] = nCn, [/l, Cn] = -USn- 
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Let us denote by Vcct (S^) the complexification of the Lie algebra Vect(S'^). In 
the basis e„ = ie^^^dt the commutation relations in the Lie algebra Li Vect''^(S'^) 
have the form: 

[ej,efc] = (j - k)ej+k- 

It is rather convenient to consider an imbedding of the circle 5"^ into the complex 
plane C with the coordinate z, so that z — e** on the circle and the elements 
of the basis {k G Z) are represented by the Laurent polynomial vector fields: 
Cfc = z'^'^^dg. The Z-graded Lie algebra generated by the Laurent polynomial vector 
fields (i.e. by the finite linear combinations of elements of the basis Cfc) is called the 
Witt algebra and is denoted by Xv^. The Witt algebra tn*'' is the complexification of 
the subalgebra tti of the algebra Vect(5'^) generated by the trigonometric polynomial 
vector fields on a circle S^, i.e. by the finite linear combinations of elements of the 
basis Sn, Cn and h. 

The Lie algebra Vcct(S'^) admits a nontrivial one-dimensional central extension 
defined by the Gelfand-Fuchs 2-cocycle [17]: 

c{v,{t)dt,V2{t)dt) = / {V[{t)v'^{t) - V'2{t)v[{t)) dt. 

Jo 

This extension being continued to the complexification Vect'^(5'^) of the Lie algebra 
Vect(S'^) and reduced to the subalgebra ro*^ defines a central one-dimensional ex- 
tension of the Witt algebra, which is called the Virasoro algebra and is denoted by 
Oir''^. The Virasoro algebra is generated by the elements e/. (k e Z) and the central 
element c with the commutation relations: 

j"^ — j 

[ej,ek] = {j - k)ej+k + 

and is the complexification of a central extension t)ir of the Lie algebra txi. In the 
irreducible representation the central element c of the Virasoro algebra is mapped 
to a scalar operator, which is proportional to the identity operator with a coefficient 
called the central charge. 

§2. 7-^«S— projective representation of the Witt algebra 
in Verma modules over the Lie algebra 5l(2, C) 

2.1. 21— projective representations [9]. 

Definition lA. Let 21 be an associative algebra represented by linear operators in 
the linear space 11 and g be the Lie algebra. The linear mapping T : g i-^ End(i/) 
is called a '^-'projective representation iff for any X and Y from g there exists an 
element of the algebra 21 represented by the operator Axy such that 

[T{X),T{Y)\-T{[X,Y\)=AxY. 

If H is infinite dimensional then the representation may be realized by the un- 
bounded operators with suitable domains of definition. 

Remark 1. Definition lA may be generalized for arbitrary anticommutative algeb- 
ras. In this situation it is deeply related to the constructions of representations of 
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the anti-commutative algebras j[(2,C) and sr(2, C) from [18,19;20:§2]. In general, 
it should be considered in the context of old ideas of A.I.Maltsev on representations 
of arbitarary no nasso dative algebras [21]. General anti-commutative algebras and 
constructions of their 2l-projective representations are interesting for the theory 
of quasi-Hopf algebras, which are nonassociative as coalgebras, jacobian and c- 
jacobian quasi- bialgebras and related structures (see refs in [9]). 

Example. If (g, [)) is a reductive pair then any representation of the Lie algebra g is a 
^(f)) -projective representation of the binary anticommutative algebra p (s = f) ©p, 
the binary operation in p has the standard form: [X, Y]p = 7r([X, Y]), where [•, ■] is 
the commutator in g and tt is the projector of g onto p along i) [22]). 

Remark 2. The standard projective representation is a particular case of Def.lA if 
the algebra 21 is one-dimensional and acts in H by scalar operators. 

Remark 3. If is a Hilbert (or pre-Hilbert) space then one may consider the algebra 
TiS of all Hilbert-Schmidt operators as 21. It is possible to consider the algebras B, 
/C, TC and TTZ of all bounded, compact, trace class and finite-rank operators, too. 

Definition IB. Let 21 be an associative algebra with an involution * symmetrically 
represented in the Hilbert space H. If g is a Lie algebra with an involution * then its 
2l-projective representation T in the space H is called symmetric iff for all elements 
a from q T{a*) — T*{a). Let Q be Z-graded Lie algebra {q — ©nezfln) with an 
involution * such that = g_n and involution is identical on the subalgebra 
qq. Let us extend the Z-grading and the involution * from the Lie algebra q to 
the tensor algebra T'(g). A symmetric 2l-projective representation of q ia called 
absolutely symmetric iff for any element a of the algebra T (g) such that deg(a) = 
the identity T{a) = T*(a) holds (here the representation T of the Lie algebra g in 
H is extended to the mapping of T (g) into End(iy). 

Definition IC. A 2l-projective representation T of the Lie algebra g in the linear 

space H is called almost absolutely closed iff for any natural n and arbitrary elements 
Xq, Xi, X2, ■ ■ ■ Xn+i of the Lie algebra g there exists an element (p{Xq, Xi, X2, ■ ■ ■ 
Xn+i) of the algebra g such that 

[...[[T(Xo),T(Xi)],T(X2)], ... ,T(X„+i)]=T((^(Xo,Xi,X2,...X„+i)) (mod 21), 

here 21 is considered as represented in End(if). An almost absolutely closed 21- 
projective representation T of the Lie algebra g in the linear space H is called 
absolutely closed iff (p{-, ...,■) = 0. 

The mappings {Xq, Xi,X2, ■ ■ ■ X^+i) ^ '^{^o, ^i, ^2, ■ ■ ■ ^n+i) associated with 
an almost absolutely closed 2l-projective representation of the Lie algebra g define 
the higher brackets in the Lie algebra g. Objects with higher brackets systematically 
appear in many branches of mathematics and mathematical physics (see e.g. the 
book [6] or the article [23] among others and numerous references wherein). 

2.2. 7i*S— projective representation of the Witt algebra by gj?— conformal 
symmetries in the unitarizable Verma modules over the Lie algebra 
s[(2, C) [9]. Note that the Witt algebra tt)*^ admits a natural involution *. 

Theorem lA. The generators Lf^ (k G Z) of qn-conformal symmetries in the 
unitarizable Verma module Vh over the Lie algebra sl{2, C) realize an absolutely 
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symmetric TiS -projective representation of the Witt algebra to . Adding the tensor 
operators Jk (k ^ Z) to the tensor operators one receives an absolutely symmet- 
ric TiS -projective representation of a semi-direct sum of the Witt algebra and the 
infinite- dimensional Z-graded Heisenberg algebra (the one- dimensional central ex- 
tension of the infinite- dimensional "L-graded abelian Lie algebra 'C[z, z~'^] of Laurent 
polynomials). 

The statement of the theorem foUows from the exphcit formulas for generators of 
Q'it-conformal symmetries and tensor operators J^. A verification on the belonging 
to the class TiS of Hilbert-Schmidt operators for operators of the fixed degree 
with respect to the grading in the Z-graded space of polynomials 'C[z\ supplied by 
the certain scalar product with orthogonal weight spaces (such as any unitarizable 
Verma module over the Lie algebra sl(2, C) is) does not produce any problems. 

Remark 4- The 7i5-projective representations of the Witt algebra in the unitari- 
zable Verma modules over sl{2, C) are absolutely closed. 

Remark 5. Theorem lA is generalized for the pseudo- unitary case with the sub- 
stitution of the class HS of Hilbert-Schmidt operators to the class JC of compact 
operators. 

The results on the "exponentiated" version of Theorem 1 A are announced in the 
sprints [24,25]. 

2.3. JTT^— projective representations of the Witt algebra in Verma mo- 
dules over the Lie algebra s[(2, C) with the extremal weight 1 and ^. The 
sattement of Theorem lA may be strengthened in some particular cases. 

Theorem IB. For h = 1 or h — ^ the TiS -projective representation of the Witt 
algebra by qn-conformal symmetries in the unitarizable Verma modules over the 
Lie algebra st(2, C) is TTZ-projective. For h = \ the TiS -projective representation 
of a semi-direct sum of the Witt algebra and the infinite- dimensional Heisenberg 
algebra is also TTZ-projective. 

The statement follows from the explicit formulas for tensor operators and Jk- 

Remark 6. For /i = the /C-projective representation of the Witt algebra in the 
Verma module over the Lie algebra s[(2, C) is ^7^-projective. 

2.4. i5— projective representations of the Witt algebra. Note that one of 
disadvantages of many 2l-projective representations, in particular, if 21 is a cer- 
tain operator class /C, HS, TC or TTZ, is that their set is not closed under tensor 
products, in general. For the class B of bounded operators the tensor products of B- 
projective representations are defined. However, any ©-projective representation, 
where & is one of classes above, is S-projective and as such is sometimes nontrivial 
(when the initial representation is realized by unbounded operators), that allows 
to construct their tensor products, which will be nontrivial B projective represen- 
tations in this case. 

Let us call a ©-projective representation of the Lie algebra g (© is a certain 
operator class) & -irreducible iff the representation operators can not be simulta- 
neously transform by an addition of elements of © to the form, in which they have 
a common proper invariant subspace. 
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Theorem 2. Let be the B-projective representation of the Witt algebra ro by 
the q^-conformal symmetries in the Verma module Vh over the Lie algebra sl(2, C) 
then the B-projective representations S'^iTh) (here S'^ denotes the functor of the 
n-th symmetric degree, cf.[26]) are B -irreducible. 

The statement of the theorem follows from the explicit formulas for generators 
of gi?-conformal symmetries. 

Remark 7. Decompositions of the tensor products Th^ ® . . . ® Th,^ of B-projective 
representations T/j. on i3-irreducible components are not known in general case. 

§3. Asymptotic representations of the Witt algebra and the 
Virasoro algebra in Verma modules over the Lie algebra s[(2, C) 

3.1. The asymptotics of qR—cor\iorma\ symmetries in Verma modules Vh 
over the Lie algebra 5[(2, C) at gj^ ^ {h ^ ^) and at — 1 (h ^ 1) and 
the Witt algebra vo'^. Let 21 be the algebra of all finite linear combinations of 
expressions of the form f{qp)p^ (n G Z_|_) or q^f{qp) (n G where \p,q] — 1 
and / are rational functions, whose denominators have no zeroes in integer points. 
Let us call the algebra 21 the extended Weyl algebra. The extended Weyl algebra is 
a topological algebra with respect to natural convergence. 

Lemma. The extended Weyl algebra 21 admits a strict representation in the Verma 
module Vh {h ^Z/2); 

P ^ q^ z. 

Generators of q^-conformal symmetries L^ {k e Z) as well as generators D, F of 
the Lobachevskii-Berezin algebra belong to the image of the extended Weyl algebra 
21. 

Below we shall interpret the "O-large" for the asymptotics of operators in the 
Verma modules over the Lie algebra sl(2, C) with non-half-integer extremal weights, 
which belong to the extended Weyl algebra (because its representations in the 
Verma modules are strict one can identify the algebra itself with its image) in the 
sense of topology in the extended Weyl algebra. 

Theorem 3 A. Generators of q^-conformal symmetries in the Verma modules 
Vi+^i (0 < < I) over the Lie algebra 5((2,C) form an asymptotic 'inod 0{h)" 

representation of the Witt algebra to'^. 

Generators of q^-conformal symmetries in the Verma modules Vi±h {0<h<^) 
over the Lie algebra sl{2,C) form an asymptotic "mod 0(h)" representation of the 
Witt algebra to'^ , too. 

The first statement of the theorem, which immediately follows from the explicit 
form of generators of g^^-conformal symmetries, was in fact proved in [10], where 
the corresponding "exponentiated" version was considered. The second is similar 
to the first. 

Remark 8. The statement of the theorem is not true if the "O-large" is considered in 
sense of (weak) operator convergence in the space of operators in the Verma modules 
Vh over the Lie algebra 5[(2, C) identified with the space 'C[z\ of polynomials. 

An answer on the question on a "divergence" between theorem 3A and the 
remark 8 is in the following: the strict representations of the extended Weyl algebra 
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do not even exist for the limit value h = 0, but being continuous (in a weak operator 
topology in the space Vh) for all values of the parameter h from an interval < 
h < are not uniformly continuous on this interval. Note that the continuous 
representations of the extended Weyl algebra in the verma modules Vh over the Lie 
algebra s[(2, C) can be extended to representations by unbounded operators in the 
spaces V^^^^ (or V^""^^"^), and, therefore, uncontinuous, that, however, is typical for 
the representation theory of Lie algebras. 

3.2. The estimation "mod TiiS" of the second term of the asymptotics 
of gij— conformal symmetries in Verma modules Vh over the Lie algebra 
5[(2, C) at Qr^O (h^^) and at q^^l (h^l) and the Virasoro algebra 

Vit^. Under the "hybridization" of the approximations "mod 0{h'^)" and "mod ©" 
an interesting phenomenon of "noncommutativity" of estimations is observed, the 
asymptotics of qfij-conformal symmetries supply us by an example. 

Theorem 3B. For generators of qR-conformal symmetries in the Verma mod- 
ules Vi_^f^ {0 < h < ^) over the Lie algebra s((2,C) the following asymptotics 

"mod 0{h^)" exists: 

[Li, Lj] = (i - j)Li+j + hA + 0{h^), 

where 

2 o 

A= ^{i^^ -i)Sij mod nS. 

So generators of qR-conformal symmetries form an approximate representation of 
the Virasoro algebra Oir for h ^ in the specified sense. 

For generators of qR-conformal symmetries in the Verma modules Vi±h (0</i< 
^) over the Lie algebra sl{2,C) the following asymptotics 'tnod 0{h'^)" exists, too: 

[Li, Lj] = {i- j)Li+j + hA+ 0{h^), 

where 

2 q 

A= iz{i -i)5ij mod HS . 

So generators of qR-conformal symmetries form an approximate representation of 
the Virasoro algebra Dir for /i — > 1 in the specified sense. 

In the statement of the theorem the estimations "mod 0{h'^)" are interpreted 
in the sense of a convergence in the extended Weyl algebra 21, and HS denotes the 
set of all elements of this algebra, which are realized by Hilbert- Schmidt operators 
under the strict representation in the Verma modules over the Lie algebra sl{2, C) 
for all sufficiently small values of h (otherwords, if tt/j is the representation of 21 in 
Vh and HSh is the space of Hilbert-Schmidt operators in Vh then in the theorem 
HS is interpreted as 

Jim fl n^'iHShnTThm, 

ho<h<ho+h 

where Hq = ^ or Hq = 1). 

The result of Theorem 3B follows from explicit computations. Let us compute the 
commutator [L2, and estimate it that is enough for the determination of the 
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central charge of the Virasoro algebra. The Verma module is realized in the 
space C[z] of polynomials, ^ = zdz, and generators of gi^-conformal symmetries are 
defined by expressions written above. Then for /i — > ^ 



. (g+3fe)^(g+l)(g+2) _ (i+3h-2fac-l) _ 
(^+2h)(^+2h+l) (^+2h-l)(^+2h-2) 

(C+|+3fi)^(g+l)($+2) _ ($-|+3fi)^^(€-l) 
~J^+T+2E)(^+2+2E)~ (,^-l+2H)i^+2h) • 



The following estimation "mod Oip?)" holds {h in denominators is not excluded 
because for the zero value of /i a representation of the extended Weyl algebra in the 
corresponding Verma module is not defined): 

L_.] ^(^ + f + 3^)2(1 - _ _^)_ 

(e - I + 3/1)2(1 - ^)(i _ ^) niod 0{h^). 

Extracting the terms of order h (because the first term of the order 1 is known) one 
receives: 

Perform the estimation "mod 7^<S" and obtain: 

2^'( (^-i+4g+i+^) + ($+fi)(|+2+fi) ) + 12^ - ^ 



'■2^ 2_ 

8^ + 12fl - 16^ = 4fl. 



So the "asymptotic" central charge is equal to 8fi. 
Analogously, for /i — > 1 



[^2,i^- 



. (€+3/i)^(€+l)(€+2) _ (g+3h-2)^g(g-l) , 
{i+2h){i+2h+l) {i+2h-l){i+2h-2) 

(C+3+3fi)'(€+l)($+2) _ (^+l+3ft)^g(e-l) 

(^+2+2;i)($+3+2;i) (^+2;i)(^+i+2ft) ■ 



The following estimation "mod 0{h'^)" holds {h in denominators is not excluded 
because for the zero value of /i a representation of the extended Weyl algebra in the 
corresponding Verma module is not defined): 



[L2, L_2] =(e + 1)(^ + 3 + 3h)il - - ^)(1 + 3^ 



(C - l)(e + 1 + 3^)(1 - ^)(1 - ^)(1 + ^) mod 0(^2)_ 



Extracting the terms of order h (because the first term of the order 1 is known) one 
receives: 

m + m + 3)(^ - i+i+i) - +m- i)(e+T+i - A) + 

Perform the estimation "mod TCS" and obtain: 

Sn + 2(^ + l)(g - ^) ^8h-Ah= Ah. 
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So the "asymptotic" central charge is equal to 8h. 

Remark 9. The estimation "mod 0{h'^y' may be strengthened to "mod Oih^y for 
any finite n (but not to "mod 0{h°°)" in view of the further estimation "mod HS"). 

Remark 10. As follows from the results of the second paragraph the change of an 
order of estimations gives the zero central charge of the Virasoro algebra. 

Perhaps, the noncommutativity of an order of the estimations "mod 0(/i"')" 
and "mod 7-^5" in the case of gf^-conformal symmetries is a partial case of a more 
general and fundamental fact of deviations between asymptotical theory of pseu- 
dodifferential operators and pseudodifferential calculus on asymptotic manifolds in 
sense of [27]. 

Note that the result of Theorem 3B contains a strange coincidence of "asymp- 
totic" central charges of the Virasoro algebra for h ^ and h 1 (namely, c = 8^, 
^ — > 0). Perhaps, this coincidence may be explaned by the hypothetical suggestion 
that for all values of the extremal weight h the Virasoro algebra is presented on a 
certain more hidden and unexplicated level universally (i.e. its characteristics do 
not depend on h). 

Conclusion 

In the paper there are investigated various approximate representations of the 
infinite dimensional Z-graded Lie algebras: the Witt algebra of all Laurent polyno- 
mial vector fields on a circle and its one- dimensional nontrivial central extension, 
the Virasoro algebra, by the infinite dimensional hidden symmetries in the Verma 
modules over the Lie algebra s[(2,C). There are considered as asymptotic repre- 
sentations "mod 0{h'^)" and representations up to a class & of operators (compact 
operators, Hilbcrt-Schmidt operators and finite-rank operators) which 
combine both types of approximations (and in these cases an effect of noncommu- 
tativity of the order of their realizations is explicated, that perhaps is underlied by 
a more general fundamental fact of deviations between the asymptotical theory of 
pseudodifferential operators and the pseudodifferential calculus on the asymptotic 
manifolds in sense of [27]). Some applications of the discussed problems to the 
applied problems of information technologies (an organization of the information 
transmission in integrated videocognitive interactive systems for accelerated non- 
verbal computer and telecommunications) were investigated in the report [28]. 
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HaHHaa paSoTa, a^npecoBaHHaa, b ochobhom, cnei],HajiHCTaM b TeopHH npe^a;- 
CTaBJieHHe KOHeT^HOMepHbix pe.nyKTHBHL.ix H SecKOHeMHOMepHbix Z-rpa^HyHpo- 
BaHHbix ajireSp JIh, TeopHH npHSjiHJKeHHe b (|)yHKii;HOHajiL.HOM anajinae h acHM- 

HTOTHT^eCKHM MeTCHaM B HCT^HCJieHHH OnepaTOpOB, a TaK>Ke, OTT^aCTH, B Ma- 

TeMaTHMecKoe ojjHSHKe (ajireSpaHi^ecKoe KBaHTOBoe TeopHH nojia), nocBame- 
Ha HsyMeHHio ajireSpani^ecKoe h anajiHTHT^ecKoe CTpyKTypBi SecKOHei^HOMep- 
HL.IX cKpL.iTL.ix cHMMeTpHe B TeopHH Hpe^ncTaB jieHHc KOHe^^HOMepHBix pe^nyK- 
THBHL.IX ajireSp JIh. Bojiee tomho, npe.zi;MeTOM paSoTbi HBJiaeTca peajiH3aLi,HH 
SecKOHeMHOMepHoe Z-rpa^nynpoBaHHoe ajireSpbi BnTTa jiopanoBCKHX hojihho- 

MHaJIL.HL.IX BeKTOpHBIX HOJiee Ha OKpy>KHOCTH H ee O^HHOMepHOrO HeTpHBHaJIL.- 

Horo Li;eHTpaJiL.Horo pacmnpeHHa (aJireSpBi Bnpacopo) ckpl.itl.imh CHMMeT- 
pHHMH B Mo.zi,yjiHx BepMa Ha.!! ajireSpoe JIh s[(2, C) (t.h. g/j-KOH(|)opMHL.iMH 
CHMMeTpHHMH). IIpH STOM, yKa3aHHL.ie 5ecKOHeMHOMepHL.ie ajireSpbi JIh pe- 

aJIHSyiOTCH q'i^-KOHCfjOpMHblMH CHMMeTpHHMH He TO^^HO, a HpnS JIH>KeHHO . B 

CTaTL.e paccMaTpHBaiOTCH ffsa THna npH5jiH>KeHHL.ix npe.zi;cTaBJieHHe: npe.zi;c- 
TaBJieHHH no Mo^nyjiio neKOToporo KJiacca & onepaTopoB (onepaTopoB Fhjil.- 
5epTa-IIlMH.z];Ta, KOMnaKTHbix onepaTopoB hjih onepaTopoB KOHe^^Horo panra) 
H acHMHTOTHT^ecKHe npe^ncTaBJieHHa "mod 0{h)" , rjxe h - neKOToptie napa- 
MeTp (b .naHHOM cjiyT^ae bo3mo>khl.i pasjiHT^Hbie onpe;];ejieHHfl onepaTopnoro 
"O— 5oJiL.moro" no napaMeTpy h). npHSjiHJKenHBie npe^ncTaBJienna nepBoro 
THna ecTecTBenno TpaKTOBaTL. b KOHTeKCTe nceB.2];o.z];H({)({)epeHLi,HajiL.Horo hc- 
T^HCJienna [1,2], b to BpeMH KaK BTopbie - acHMnTOTHMecKHx MeTo.z];oB [3-5]. 
OTMeTHM, T^TO acHMHTOTHMecKHe npe^ziCTaB jieHHH "mod 0{h)" Hccjie.z];oBajiHCb 
B paMKax (|)opMajiH3Ma acHMnTOTH^^ecKoro KBaHTOBanna KapaceBa-MacjioBa 
[6], a npe/iCTaBJienHH no Mo.zi,yjiio & hbjihiotch b onpe^nejiennoM cMBicjie o5o5- 
n];eHHHMH npoeKTHBHBix npe^ncTaBJienne [7,8]. 

FeayjiBTaTBi paSoTbi, neKOToptie h3 KOTopbix 5l.ijih anoHCHpoBanBi b gjieK- 
TpoHHbix npenpHHTax sjieKTponnoro apxHBa no ({)yHKn;HOHaJiBHOMy anaJiHsy 
Han;HOHajiBHBix jiaSopaTopne CIIIA b JIoc AjiaMoce [9,10], hocht cKopee 
xapaKTep naSjHo^nenne, He>KejiH TeopeM, TpeSyioniHx Tpy^oeMKHx h ne hc- 
HBix H3 Hx {|)opMyjiHpoBOK .noKasaTe JIL.CTB . HoKasaTe JiBCTBa npe^ncTaBJiennbix 
B CTaTbe (|)aKTOB no cyTH .nejia o.zi;hoxo.z];obl.i h npe/tCTaBJiaiOT co5oe rpoMos^- 
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KHe BbraHCJiHTejibHBie ynpa>KHeHHii (r;^e 3to bo3mo>kho, onymenHBie) , onnpa- 

lomHeca Ha coBOKynHOCTL. nojiyT^CHKbix aBTopoM panee hbhmx (|)opMyji; TaKHM 
o5pa30M, CMMCJiOBaa narpysKa npHxo^HTca, b ochobhom, na caMH (j)opMyjiH- 
poBKH pesyjibTaTOB. 

§1. Hpe^apHTejiBHue onpe^ejieHHji 

1.1. AjireSpa JIh s[(2,C) h mo^jih BepMa na^nee. AjireSpoe JIh sl(2, C) 
HasLiBaeTCii TpexMepnoe npocTpancTBO KOMnjieKCHbix MaTpHu; 2 x 2 co CJie;i;oM 

HyjiL., CHa5>KeHHoe CTaH^japTHbiM KOMMyTaTopoM [^,1^] = XY — YX, r^e yM- 
HOHieHHe B npaBoe Macra - CTan^apTHoe yMH03*ceHHe MaTpHn;. B SasHce 

KOMMyTaitHOHHbie cooTHomeHHa hmgiot bh^: [li, Ij] = {i = —1, 0, 1). 

Ajire5pa JIh sl{2, C) Z-rpa^HpoBana: deg(/j) = — ad(/o)^i = i, r^e ad(X) - 
onepaTop npHCoe;i;HHeHHoro ;i;eecTBHji b ajireSpe JIh: a,d{X)Y = [X,Y]. KaK 
CJie^^CTBHe, Z— rpa;^yHpoBaHHBie Mo;^yjiH Ha;^ -5^(2, C) iiBJijiiOTca /o^rAHaroHajiL.- 
HL.IMH. BeKTop V B Z-rpa^yHpoBaHHOM Mo^yjie na^ ajireSpoe JIh 3l(2, C) 
HasBiBaeTCfl aKCTpeMajiL.HbiM, ecjiH liv = h jiHHeeHaa oSojioMKa BeKTopoB 
l^iV (n e Z_(_) coBna/iaeT c caMHM Mo/iyjieM (x.e. v — itHKJiH^iecKHe BeKTop). 
Z— rpa^iyHpoBaHHue Mo;^yjib b KOTopoM cymecTByex BKCTpeMajibHue BeKTop 
(b 3TOM cjiy^ae oh onpe;i;ejieH c to^hoctbk) ;i;o yMHOHcenHii na KOHCTaHTy) 
HasbiBaeTCH 9KCTpeMajiL.HbiM [11]. 9KCTpeMajiL.HL.ie Mo^yjiL. nasbiBaeTCH mo- 
^jieM BepMa [12], ecjiH /ceecTBHe l-i b neM cbo5o/i,ho, T.e. seKTopa l^iV 
jiHHeeHO HesaBHCHMM. B cjiy^ae ajireSpu JIh s[(2, C) MO/iyjiH BepMa cyTb b 

TO^HOCTH SeCKOHeMHOMepHbie BKCTpeMaJIBHbie MO/iyJIH. BKCTpeMaJIbHMM Be- 

coM Mo^iyjiii BepMa HasuBaeTCii ^ihcjio h, onpe^ejiiieMoe h3 paBencTBa Iqv = 
hv, r^e V - 9KCTpeMaJiL.HL.ie BeKTop. Mo/iyjiH BepMa onpe^ejrenbi ^jih Bcex 
KOMnjieKCHbix TiHceji h h nonapno HeH30Mop(|)HL,i. B ^ajiBHeemeM mbi 5y^eM 
paccMaxpHBaTb Mo;^yjiH BepMa tojibko c BemecTBeHHUMH gKCTpeMajiBHUMH 
BecaMH. 

Mo^jib BepMa Vh na^ ajireSpoe JIh sl{2, C) c BKCTpeMajibHUM BecoM h 
MO>KeT SbiTL. peaj[H30BaH B npocTpancTBe C[z] MHoro^jrenoB o^Horo KOMnjreK- 
CHoro nepeMeHHoro z. <I>opMyjii,i ^jih renepaTopoB aJireSpti JIh sl(2, C) HMeiOT 
bh;;: 

Z_i = z, Iq = zdg + h, li = zdl + Ihdzi 

s^ecb = ^. 

Mo^iyjib BepMa HeBbipo>K;^eH (x.e. ne co;^ep>KHT coScTBenHoro no;i;Mo;^yjiii) 
npH h ^ — ^ (n e Z+). Mo^iyjib BepMa Vh nasLiBaeTCii yHHTapHsyeMLiM (hjih 
9PMHTOBL.IM) , ecjiH B HeM sa^aHa CTpyKTypa npe^rHJibSepTOBa npocTpancTBa 
TaKaa, mto /* = IIonojiHeHHe yHHTapHsyeMoro Mo^yjia BepMa 5y^eT 

o5o3HaMaTbCH V^^'^*'. AjireSpa JIh 5[(2, C) ^eecTByeT b V^'^^ HeorpanHMen- 
HbiMH onepaTopaMH. IIojiesHO xaioKe paccMaTpHBaTb (|)opMajibHBie Mo;^yjiH 
BepMa V^f""^™, KOTopLie peajinsyiOTCii b npocTpancTBe C[[2;]] (|)opMajibHBix CTe- 
neHHBix pa^OB o^Horo KOMnjieKCHoro nepeMeHHoro z, a ({)opMyj[L.i j\jisi rene- 
paTopoB ajireSpbi JIh s[(2, C) coBna^aiOT c npHBe^eHHbiMH Bbime. Ilpn stom, 
Vh C V^™^ C V^f"™, H Mo^yjiH Vh, V^'^^, Vl'"''^ oSpasyiOT Tpoeny rejib(|)aH^a 
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HJiH ocHameHHe rHJibSepTOsa npocTpaHCTsa V^'^^ no ZlnpaKy. ZleecTBHe Bem- 
ecTBCHHoe {|)opML.i ajireSpbi Jin sl(2,C), nopo>K^eHHoe aHTHspMHTOBbiMH on- 
epaTopaMH zZq, — ^-i h + b rHJiL.5epTOBOM npocTpancTBe V^'^*^ 
HeorpaHHMeHHbiMH onepaTopaMH, 3KcnoHeHn;HpyeTCH yHHTapHoro npe^c- 
TaBJieHHji cooTBeTCTByiomee o;i;HOCBii3Hoe rpynnbi JIh. 

B HeyHHTapHsyeMOM Mo;^yjie BepMa na/i; ajireSpoe JIh sl{2, C) HMeeTCii 
e;];HHCTBeHHaH (c tomhoctbio MHo>KHTejia) HH^e(|)HHHTHaa nojiyTopajiHnee- 
naa (})opMa (■, •) TaKaa, mto {liVi,V2) = (fi, l-iV2) ^Jih jiioSbix ^Byx BeKTopoB vi 
H V2 H3 Mo^yjiH BepMa. EcjiH 9Ta nojiyTopajiHHeeHaa (|)opMa HeBbipo3*c^eHa 
( a B 3TOM cjiy^ae h caM Mo^jyjiL. HeBBipoK/ten), to ona HMeex cnrnaTypy 
BH;;a (n, oo), r;i;e n - kohb^ho, a cjie;i;oBaTejiBHO, onpe^^ejieno nonojineHHe 
TaKoro MO^^yjifl BepMa no HonTpflrHny [10]. CooTBeTCTByiomHe MO^^yjiB, b 
KOTopoM ajireSpa JIh s[(2, C) ^eecTByeT neorpanHMennbiMH onepaTopaMH, 5y- 
^eT oSosnaMaTbCH V^""*"^. MMeex MecTO n;enoMKa nKjno^^eHHe: Vh C y^o'^t'^ c 
y^orm JleecTBHC Ben^ecTBCHnoe (|)opMBi ajireSpM JIh 5l(2,C), nopojKAennoe 
anTHspMHTOBLiMH (oTnocHTCJiBno neBLipo>K;5ennoe Hn;i;e(|)HHHTnoe nojiyxopa- 
jiHneenoe (|)opML.i (■, •)) onepaxopaMH zZq, l\ —l-i h + b npocxpancTBe 
noHTparHHa V^""*"^ HeorpanHT^ennbiMH onepaTopaMH, aKcnoHeHu;HpyeTCH ^o 
ncen^oyHHTapnoro npe^CTaBJienna cooTBeTCTByioni;ee o^nocBHsnoe rpynnti JIh. 

1.2. CKptiTbie CHMMGTpHH B MO^jiHx BepMa Ha^ ajireSpoe JIh sl(2,C): 
C*— ajireSpa JIoSa^escKoro-BepeaHHa h gj^— KOH(J)opMHbie chmmctphh. 

npe/i;jio>KeH]a:e 1 [13]. B HeeupootcdennoM .Mody.fie BepMa Vh Had aAzedpoe JIu 
si{2, C) odnomaHHO onpedeAenu onepamopu D u F manue, nmo 

[A^-i] = l, [DJo] = D, [D,Zl]=D^ 
[l-uF] = l, [lo,F]=F, [h,F]=F\ 

EcAU ModyAU BepMa peaAuaoeanu e npocmpaHcmee C[z] MHOzoHAenoe odnoe 
KOMUAeKCHoe nepeMeuHoe z, mo 

D = d F = z ^ 

zde ^ = zdz- Onepamopu F u D ydoeAemeopfnom coomHomenuHM: 

[FD, DF] = 0, [D, F] = qR{l - DF){1 - FD), 

zde qn — 2h-i ■ ^ ynumapuayeMOM ModyAe BepMa (npu qRj^O) onepamopu F u 
D ozpanuHenu u F* = D, D* = F. 

AjireSpa, nopo^K^ennaa nepeMennbiMH t h t*, c cooTHomeHHHMH = 

H \t,t*] = qR{l —tt*){l — t*t), Sy^MH KBanTonanneM no Bepesnny njiocKOCTH 
JIoSa^eBCKoro, peajinsoBannoe b e;^HHHMHOM KOMnjieKcnoM ;i;HCKe (peajiHsa- 
n;Hii IlyanKape) [14], nasBiBaeTCii ajireSpoe JIoSaMCBCKoro-BepesHna. Ilpe;;- 
jio»ceHHe 1 nosBOJiaeT paccMaTpHBaTi. ajireSpy JIoSa^eBCKoro-Bepesnna KaK 
C*-ajire5py. C*-ajire5pa JIoSa^eBCKoro-BepesHna SbiJia ne^aBHO nepeoTK- 

pUTa C.KjIHMeKOM H A.JIeCHHCBCKHM [15]. 
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IIpe^jioHteHHe 2 [13]. B HeeupootcdeuHOM Modyjie Bepjua Vh Had aAze6poe JIu 
5l(2,C) odnomaHHO onpedeAenu onepamopu L„ (n & Z) manue, nmo 



[k, Ln] ^ {i - n)Li+n (i = 1,2, 1; n G Z), 

npu amoM, Li = li (i = — 1,0, Ij. Ecau ModyAU Bepua peaAusoeanu e npocm- 
pancmee C[2;] MHOzoHAenoe odnoe KOMUAencHoe nepeMennoe z, mo 

Lk = {xi + {k + l)h)d', {k > 0), L_fe = ^ \^H-2£(S2i+fe-i) ^ 1)' 
zde ^ = zdg. Onepamopu L„ ydoeAemeopsnom coomHomewmM: 

[Ln, I'm] = {jl — m)Ln+mi GCJIH n, m > — 1 HJIH n, m < 1. 

5 ynumapusyeMOM ModyAe Bepjua onepamopu L^ HeozpaHunenu u L* = 

OnepaTopBi L„ HasBisaiOTCH gij-KOH(|)opMHL.iMH cHMMeTpnaMH. Ohh cum- 
eoAUHecKU Moryx Slitb npe;^CTaBJieHi»i b BH;i;e: 

Ln = D^'^LoD''^^-^^ , L_n = F^^^-'^^LoF"'^. 

iljiH npH^aHHH cMBicjia cHMBOJiHMecKoe sanHCH cjie^yeT BocnojiBsoBaTbca o5- 
mHMH nepecTanoBOMHBiMH cooTHomenHiiMH 

[Ln, fm = {-Dr+'f{D) {n > -1), [L_n, /(F)] = F^+'fiD) {n > -1) 

npH n = 0. 

CooTHomeHHii KOMMyTaiiHH onepaTopoB D, F m renepaTopoB gi^-KOH({)opM- 
HBix CHMMeTpne c renepaTopaMH ajire6pBi JIh sl{2, C) osna^aiOT, ^ito ceMeec- 
TBa Jk H Lfc (/c G Z), r^e Ji = D^, J^i = F"^ {i E Z+), HBJiiiiOTCii ceMeecTBaMH 
TeHSopHBix onepaTopoB [8,16] ^jih ajireSpbi JIh s[(2,C). 

C ceMeecTBaMH TensopHBix onepaTopoB h L^ mo»cho accoiiHHpoBaTB hx 
npoHSBOAHmne ^ysKo^vi - onepaTopHBie nojiii, T.e. (|)opMajiBHBie pii;;Bi JIo- 
pana ot o;;Hoe KOMnjieKcnoe nepeMenHoe u c onepaTopHBiMH K03(|)(|)Hii;HeHTa- 
mh: 

J{u) = M-u)-'-\ T{u) = 

IIpH Ka>K/i;oM 3HaHeHHH u onepaTopHoe nojie sa/iaeT OToSpajfceHHe Vh b V/""^™. 
Tot (|)aKT, ^^to h (/c G Z) oSpasyiOT ceMeecTBa tghsophbix onepaTopoB, 
na iiSBiKe onepaxopHBix nojiee osna^aeT, ^ito 

[k, j{u)] = {-uyj{u) - {-uy+^j\u), [k, T{u)] = 2{-uyT{u) - {-uy+^r{u). 

OnepaTopHBie nojia V{u), npeoSpasyiomHeca KaK s-^H(|)(j[)epeHn;HajiBi no^ ^ee- 
CTBHeM ajireSpBi JIh sl{2, C) (t.b. y^iiOBJieTBopiiiomHe TO>K;^ecTBy [li, V{u)] = 
s{—uyV{u) — {—uy'^^V'{u)), HasBiBaiOTCH sl(2, C)-nepBHMHBiMH cnHHa s; xaKHM 
oSpasoM, onepaTopHBie nojia J{u) h T{u) aBJiaiOTCH sl{2, C)-nepBHMHBiMH cnn- 
Ha 1 H 2, cooTBeTCTBeHHo. OnepaTopHBie hojih J{u) h T{u), a TaKa<;e hx 
CBoecTBa no^poSno Hsy^ajiHCB b [13]. 
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1.3. BecKOHe^HOMepHMe Z— rpa^HpoBaHHue ajireSpti JIh: ajireSpa Bht- 

Ta tt)'^ JIOpaHOBCKHX nOJIHHOMHajIBHBIX BeKTOpHBIX HOJiee Ha OKpyjKHOCTH 

(P 

H ajireSpa BHpacopo otr , ee o/ijiOMepHoe neTpHBHajiBHoe ii;eHTpajiBHoe 

pacniHpeHHe. AjireSpa JIh Vect(S'^) peajiHsyeTca b npocTpancTBe C°°-rjia^- 
KHx BeKTopHBix HOJiee v{t)dt Ha OKpymnocTH ~ ]R/27rZ c KOMMyTaTopoM 

[vi{t)dt,V2{t)dt] = Mt)v!,{t) - v[{t)v2{t))dt. 

B SasHce s„ = sin{nt)dt, Cn = cos{nt)dt, h = dt KOMMyTaii;HOHHBie cooTHomeHHii 
HMeiOT bh;^: 

[sn, Sm] = ^{{m - n)sn+m + sgn(n - m){n + m)s\n-m\), 

[cn, Cm] = liin- m)sn+m + sgn(?i -m){n + m)s|„_^|), 

[Sn, Cm] = ^{{m - n)Cn+m - {m + n)c\n-m[) " nSnmh, 
[h, Sn] = nCn, [h, Cn] = -USn- 

05o3HaMHM Vect''^(S'^) KOMnjieKCH(|)HKaii;Hio ajireSpBi JIh Vect(S'^). B SasHce 
Cn = ie^^^dt KOMMyTaiiHOHHBie cooTHomeHHji B ajireSpe JIh Vect'^(<S'^) hmbiot 
bh;i;: 

[ej,efc] = (j - k)ej+k- 

y^loSHO TaK>Ke paCCMaTpHBaTL, BJIO>KeHHe OKpy>KHOCTH 5"^ B KOMBJieKCHyiO 

njiocKOCTb C c Koop^HHaToe z, npH stom na OKpy>KHocTH z — e^^ , a 3JieMeHTBi 
SasHca Ck {k G Z) npeACTaBJiiiiOTCii jiopanoBCKHMH nojiHHOMHajiBHBiMH bck- 
TopHMMH nojiiiMH: Cfc = z'^'^^Oz- Z— rpa^^yHpoBaHHaii ajireSpa JIh, nopo»;;i;eH- 

Haa JIOpaHOBCKHMH nOJIHHOMHaJIBHBIMH BeKTOpHBIMH nOJIHMH (t.C. KOHCt^HBIMH 

jiHHeeHBiMH KOM5HHaLi,HflMH sjieMeHTOB 5a3Hca Cfc), HasBiBacTCfl ajircSpoc Bht- 
Ta H oSosHa^iaeTCH m^. AjireSpa BHTTa aBJiaeTca KOMnjieKCH(|)HKai],Hee 
no;i;ajire5pBi tv aureSpBi Vect(S'^), nopo>K;i;eHHoe TpHroHOMeTpn^iecKHMH no- 

JIHHOMHaJIBHBIMH BeKTOpHBIMH HOJiaMH Ha OKpy>KHOCTH , T.B. KOHeMHBIMH 

jiHHeeHBiMH KOM5HHan;HHMH sjieMeHTOB 5a3Hca s^, h h. 

AjireSpa JIh Vect(5'^) ^onycKaeT neTpHBHajibHoe OAHOMepnoe n;eHTpaJiBHoe 
pacmnpeHHe, 3a;j;aBaeMoe 2-kob,hkjiom rejiB(|)aH/],a-$yKca [17]: 

c{vi{t)dt,V2{t)dt) ^ / {V[{t)v'^{t)-V'2{t)v[{t))dt. 

Jo 

HaHHoe pacmnpeHHe, 6y/iyMH npo;i;oji>KeHHBiM na KOMnjieKCH(|)HKaH;Hio Vect'^(5'^) 
ajireSpBi JIh Vect(S'^) h orpanH^ienHBiM na no;i;ajire5py tv'^, 3a;;aeT o;i;HOMep- 
Hoe n;eHTpajiBHoe pacmnpeHHe ajireSpbi BnTTa, nasBiBaeMoe ajireSpoe Bnpa- 
copo H o5o3Ha^aeMoe oir . AjireSpa Bnpacopo nopoac^aeTca renepaTopaMH 
Cfc (/c G Z) H n;eHTpajibHbiM 9JieMeHTOM c c KOMMyTan;HOHHbiMH cooTHomeHHHMH: 

— j 

[ej,ek] = {j - k)ej+k + 

H HBJiaeTCii KOMnjieKCH(|)HKaB;Hee □;eHTpajiBHoro pacmnpennii t)it ajireSpbi JIh 
ro. B HenpHBo^HMOM npe^CTaBJieHHH iieHTpajibHbie gjieMeHT c ajireSpbi Bnpa- 
copo nepexo^HT b cKajiapHbie onepaTop, K09(|)(|)Hii;HeHT nponopn;HOHajiBHocTH 
KOToporo e^HHH^iHOMy onepaTopy nasBiBaeTCii vi,eHmpaAhnhiM sapfrdoM. 
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§2. 7i<S— npoeKTHBHbie npe^CTaBJieHHji ajireSpbi 
Bhtth b mo^jihx BepMa na^ ajireSpoe JIh sl{2, C) 

2.1. 21— npoeKTHBHue npe^CTaBJieHHji [9]. 

Onpe^eJieHHe lA. IlycTb 21 - npoHSBOJibnaii accoriHaTHBHaH ajireSpa, npe;^- 
CTaBJicHHaH jiHHeeHMMH onepaTopaMH b jiMHeenoM npocTpancTBe H n q — aji- 
reSpa JIh. JiHHeeHoe OTo5pa>KeHMe T : g i— > End{H) HastiBaeTca 'Ql-npoeK- 
mueHUM npedcmaeAeHueM, ecjiH ^jih npoH3BOJiL.HL.ix X a Y as q cyLn;ecTByeT 
gjieMeHT ajireSpbi 21, npe^CTaBJienHbie onepaTopoM Axy, TaKoe, mto 

[T{X),T{Y)] - T{[X,Y]) = AxY- 

EcJiH H SecKOHeMHOMepHO, to npe/iCTaBJieHHe MO>KeT ocyLLi,ecTBJiflTL.CH ne- 
orpaHHMeHHbiMH onepaTopaMH c no/i,xo/i,flLLi,HMH oSjiacTHMH onpe^jejieHHH. 

SaMenaHue 1. Onpe^ejienne lA mojkgt 5l.itl. o5o5La,eHO na npoH3BOJiL.HL.ie an- 
THKOMMyTaTHBHbie ajireSpbi. B 3Toe CHTyaiiHH oho Tecno CBiisano c kohc- 
TpyKitHiiMH npe^^CTaBJienne anTHKOMMyTaTHBHbix ajireSp j[(2,C) h s[*(2,C) b 
[18,19;20:§2] . B ii;ejiOM, ero cjie^ex paccMaTpHBaTb b KOHTeKCTe CTapux 
H^iee A.H.Maj[L.n;eBa o npe^CTaBJieHHHx npoH3BOJiL.HL.ix Heaccon;HaTHBHL.ix aji- 
re6p [21]. 05nj;He anTHKOMMyTaTHBHBie ajireSpBi h KoncTpyKiiHH hx 2l-npoeK- 
THBHbix npe^cTaBJienne HHTepecHLi c tomkh spennii KBa3Hxon(|)OBLix ajireSp, 
HeacconiHaTHBHLix KaK KoajireSpLi, iiKoSneBBix h KOiiKoSneBLix KBa3H5Hajire5p 

H CBiI3aHHBIX C HHMH CTpyKTyp (CM.CCHJIKH B [9]). 

IJpuMep. EcjiH (0, {)) - pe;iyKTHBHaH napa, to JiioSoe npe;;cTaBJieHHe ajireSpLi 
JIh HBjraeTca W(f))-npoeKTHBHBiM npe^CTaBJienHeM Snnapnoe anTHKOMMyTa- 
THBHoe ajireSpbi p (s = f) © p, SHnapnaa onepaLtHH b p HMeeT CTan^apTHBie 
BH^: [A, y]p = 7r([A, y]), r^e [■, •] - KOMMyTaTop b g, a tt - npoeKTop na p 
b;i;ojib f) [22]). 

SaMenanue 2. CTaH;i;apTHoe npoeKTHBHoe npe^^CTaBJienne iiBJiiieTCii ^lacTHBiM 
CJiy^aeM onpe^^ejienHii, ecjiH ajireSpa 21 o;i;HOMepHa h ;^eecTByeT b H CKajiiip- 
HBIMH MaTpHii;aMH. 

SaMenaHue 3. Ecjih H - rnjibSepTOBO (hjih npeArnjibSepTOBo) npocTpancTBO, 
TO B Ka^ecTBe 21 mo>kho paccMaTpHBaTB ajireSpy TiS Bcex onepaTopoB Phjeb- 
5epTa-IIlMH^Ta. Mo3*cho TaKjfce paccMaTpHBaTt ajireSpBi B, IC, TC h J^TZ 
orpaHHMeHHBix, KOMnaKTHBix, H^epHBix onepaTopoB h onepaTopoB Kone^Horo 
panra. 

Onpe^ejieHHe IB. IlycTB 21 — accoLtnaTHBHaii ajireSpa c HHBOJiioii;Hee *, chm- 
MBTpHMHO npe;i;cTaBJieHHaH b rnjibSepTOBOM npocTpancTBe H. Ecjih q — aji- 
reSpa JIh c HHBOJ[ion;Hee *, to ee 2l-npoeKTHBHoe npe^CTaBJicHHe T b npoc- 
TpancTBC H Ha3L.iBaeTca cuMMempuHHUM, ecJiH ^jih Bcex ajieMenTOB a h3 
T{a*) = T*{a). IlycTb q - Z-rpa/iyHpoBaHHaii ajireSpa JIh (g = ®n€Z0n) c 
HHBOJiiori;Hee * TaKaa, mto g* = h HHBOJiioii;Hii TO>K;i;ecTBeHHa na no;i;aji- 
reSpe go- npo/i.oji>KHM Z-rpa^npoBKy h hhbojiioii;hio * c ajireSpLi JIh g na 
TeH3opHyio ajireSpy T (g). CHMMeTpni^Hoe 2l-npoeKTHBHoe npe^CTaBJienne g 
Ha3biBaeTCH adcoMonmo cuMMempuHHUM, ecjiH ^jih jiioSoro ajreMenTa a ajireS- 
pBi T'(g) TaKoro, mto deg(a) = 0, BBinojiHeno paBencTBO T(a) = T*(a) (3/i;ecB 
npe^^CTaBJienne T ajireSpLi JIh g b H npo;i;oji»;eHO ;;o OTo5pa>KeHHii T'(g) b 
End(iy). 
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Onpe^ejieHHe IB. 2l-npoeKTHBHoe npe/i;cTaBJieHHe T aureSpbi JIh g b jih- 

HecHOM npocTpaHCTBe H HasbiBaeTCH nonmu aScojimmHO saMKHymuM, ecJiH 
^jiH jiioSoro HaTypajibHoro n h npoHSBOJibHbix gjieMeHTOB Xo,Xi,X2, . . .X^^i 
ajireSpbi JIh q cymecTByeT 3JieMeHT ip{Xo, Xi, X2, ■ ■ .Xn+i) ajireSpbi g TaKoe, 

[...[[T(Xo),T(Xi)],T(X2)], ... ,r(X,+i)]=T(vp(Xo,Xi,X2,...X^+i)) (mod 21), 

3^ecL. 21 paccMaTpMBaeTca npe^CTaBJieHHoe b End{H). Hohth aScojiiOTHO 
saMKHyToe 2l-npoeKTHBHoe npe^CTaBJieHHe T ajireSpbi JIh q b jinneeHOM npoc- 
TpancTBe H nasBiBaeTCH aScoAiomHO aaMKHymuM, ecjiH ip{-, ... , •) = 0. 

OTo5pa»ceHHH {Xq, Xi, X2, ■ ■ ■ X^+i) ^ (p{Xo, Xi, X2, ■ ■ ■ X^+i), accoiiHHpo- 
BaHHBie c npoHSBOJiBHMM HO^TH a6cojiiOTHO saMKHyTMM 21— npoeKTHBHbiM npe^- 
CTaBJieHHCM ajireSpu JIh q, onpe;i;ejiiiiOT BucniHe ckoSkh b ajireSpe JIh q. 

06l>eKTBI C BMCniHMH CKoSKaMH CHCTeMaTH^ieCKH nOilBJIillOTCil BO MHOrHX o5- 

jiacTHx MaTeMaTHKH H MaTeMaTH^^ecKoe 4>h3hkh (cM.nanp.KHHry [6] hjih cxa- 
TL)io [23] cpeffa npo^^Hx h MHoroHHCJieHHbie ccmjikh b hhx). 

2.2. 7i5— npoeKTHBHbie npe^CTaejieHHii ajireGpti BHTTa g^;— KOH(|)opMHbiMH 
CHMMeTpHiiMH B yHHTapH3yeMbix Mo/iyjiiix BepMa na^ ajireSpoe JIh 
sl{2,C) [9]. Otmbthm, ^ito ajireSpa BnTxa tv'^ ;i;onycKaeT ecTecTBenHyio hh- 
bojiioii;hio *. 

TeopeMa lA. FeHepamopu (k e qh-koh^opmhux cvMMempue e ynu- 
mapuaytMOM ModyAe BepMa Vh Had aAzeBpoe JIu sl(2, C) ocyvj^ecmeAsrwrn a6co- 
AwmHo cuMMempuHHoe TiS-npoeKmueHoe npedcm,aeAeHue aAzedpu Bumma )X)'^ . 
JJo6aeAeHue k menaopHUM onepamopaM L]^ meHsopHux onepamopoe (k E 
npueodum k adcoAvmiHO cuMMempuHHOMy TiS-npoeKmuenoMy npedcmaeAeHuto 
noAynpsTMoe cyMMU aAzedpu Bumma u 6ecKoneuHOMepHoe lA-zpadyupoeaHuoe 
ajizeSpu reeaendepza (odnoMepHozo v,eHmpaAbHozo pacmupemisT 6ecK0HeHH0Mep- 
Hoe Z-zpadyupoeaHHoe a6eAeeoe aAzeSpu JIu C[z, z~^] MHOzoHAenoe Jlopana). 

yTBep>K;];cHHC TCopcMbi cjie^yeT h3 hbhl.ix {|)opMyji ^jih renepaTopoB qf>-~ 
KOH({)opMHL.ix CHMMCTpne H TCHSopHBix OHepaTopoB Jfc. HposepKa Ha npH- 
Ha^jiejKHocTB KJiaccy TiS onepaTopoB rHJibSepTa-IIlMH^Ta ^jih onepaTopoB 

(|)HKCHpOBaHHOe CTeneHH OTHOCHTeJIbHO rpa^HpoBKH B Z— rpa^HpoBaHHOM 

npocTpancTBe MHoroMJienoB C[2;], CHa5>KeHHOM neKOTopbiM CKajiiipHbiM npoHS- 

Be^eHHeM, OTHocHTejibHo KOToporo o^HOMepHbie BecoBbie npocTpancTBa opxo- 
roHajiL.HL.1, KaKOBbiM H HBJiaeTCH yHHTapH3yeML.ie mo^jib BepMa na^ ajireSpoe 
JIh sl(2,C), He npe^CTaBJiaeT HHKaKHx npoSjieM. 

SaMeuaHue 4. 7Y«S-npoeKTHBHL.ie npe^CTaBJieHHH ajireSpbi BnTTa b yHHTapn- 
syeMbix Mo^yjiax BepMa na^ s{{2, C) aScojiiOTHO saMKHyTbi. 

SaMenanue 5. TeopeMa lA nepenocHTca na nceB^oyHHTapHbie cjiy^ae c sa- 
Menoe KJiacca TiS onepaTopoB rnjibSepTa-IIlMH^^Ta na KJiacc /C KOMnaKTHbix 
onepaTopoB. 

PesyjiBTaTbi, KacaioniHeca "gKcnoHeHiinpoBaHHoe" BepcHH TeopeMu lA, 
aHOHCHpoBaHbi B 9JieKTpoHHbix npenpHHTax [24,25]. 

2.3. JTT^— npoeKTHBHbie npe/i;cTaBJieHHii ajireSpti BHTTa b MO/iyjiHx BepMa 
Ha^ ajireSpoe JIh s[(2, C) c aKCTpeMajibHUM BecoM 1 h |. B neKOTopbix 
^acTHMx cjiy^aax yTBep3*c^eHHe TeopeMu lA MO>KeT Gbitb ycHJieno. 
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TeopeMa IB. IIpu h = 1 uau h = ^ JiS-npoeKmuenoe npedcmaejieHue ajizeSpu 

Bumma q^i-KOH^opMHUMu cuMMempufrMu e yHumapusyeMux ModyAfrx Bepua 
Had aAze6poe JIu s[(2, C) MeAsremcM TlZ-npoeKmueuhiM. IIpu h = ^ J-'H-npo- 
eKmuenuM ffeAfremcfr u HS-npoeKmueHoe npedcmaeAenue noAynpfrMoe cyuMu 
aAzeBpu Bumma u SecKoneuHOMepHoe aAze6pu FeesenSepza. 

yTBep»c^eHHe cjie^yeT hs hehmx (|)opMyji ^jih TensopHbix onepaTopos h 
Jk- 

SaMeuaHue 6. IIpH /i = /C-npoeKTHSHoe npe^CTasjieHHe ajireSpti BHTTa b 
Mo^yjie BepMa na^ ajireSpoe JIh s[(2, C) HBJijieTCJi JFT?.— npoeKTHBHbiM. 

2.4. B— npoeKTHBHbie npe^CTaBJieHHji ajireSpbi Bhtth. OiMeTHM, mto k 
^iHCJiy "ney^^oScTB" mhophx 21— npocKTHBHux npe^cxaBJieHHe, b tom ^iHCJie 
ecjiH 21 - HeKOTopue KJiacc onepaTopoB /C, US, TC hjih TTZ, OTHOCHTCii, 
BOo6in;e roBopii, nesaMKHyTOCTb hx coBOKynnocTH OTHOCHTejibHO BSiiTHii tbh- 
3opHL.ix npoH3Be^eHMe. Hjih KJiacca yKe B orpaHHi^eHHbix onepaTopoB Ten- 
sopHbie npoHSBe^eHHH B-npoeKTHBHbix npc^jCTaBJiCHHC onpe^^eJieHbi. O^naKO, 
BCiiKoe S— npoeKTHBHoe npe^CTaBJienHe, Tj\e & - opyai h3 ynoMiiHyTux Bbime 

KJiaCCOB, ilBJIiieTCil B— npOeKTHBHMM H KaK TaKOBOe, HHOr^^a, HeTpHBHaJIBHblM 

(Kor^a HCxo;^HBie npeACTaBJieHHii ocymecTBJiiiJiHCb HeorpaHH^ieHHUMH onepa- 

TopaMH), T^TO nosBOJiaeT KOHCxpyHpoBaTL. MX TeHsopHBie npoMSBe^eHHH, ko- 
Topbie 5y^yT b 9tom cjiy^iae HeTpHBHajibHtiMH i3~npoeKTHBHbiMH npe^CTaB- 

JieHHilMH. 

HasoBBM ©— npoeKTHBHoe npe^^CTaBJieHne ajireSpbi JIh g (S — neKOTopbie 
onepaTopHue KJiacc) &-HenpueoduMUM, ecjiH onepaTopbi npe;i;cTaBJieHHii o;i;- 

HOBpeMeHHO He MoryT Sbitl. npHBe^eHbi nyieM ^o5aBJieHHa k hhm ajieMeHTOB 

H3 (3 K BH^y, B KOTOpOM OHH BCe oSjia^aJIH 5i.I oSmHM ^JIH HHX CoScTBeHHbIM 
HHBapHaHTHbIM HO^inpOCTpaHCTBOM. 

TeopeMa 2. Ilycmb - B-npoeKmuenoe npedcmaejienue ajize6pu Bumma vo'^ 
QR-KOH^opMHUMU cuMMcmpuHMU 6 ModyAC BepMa Vh Had ameSpoe JIu sl(2, C), 
mozda B-npoeKmuenue npedcmaeAenufr S'^{Th) (sdecb /S" oSomauaem ^ynnmop 
esfrmujT n-oe cuMMempuuecnoe cmenenu, cp.[26]) B-nenpueoduMU. 

yTBep»;;i;eHHe TeopeMu cjie^iyeT h3 jibhbix (|)opMyji ^Jiii renepaTopoB qr- 

KOH(|)OpMHBIX CHMMBTpHe. 

SauenaHue 7. PasjiOKenHii tbhsophlix npoH3Be;i;eHHe T^^ ® . . .® T^^ B-upoeK- 
THBHbix npe;i;cTaBJieHHe T/j. na H— HenpHBo;i;HMLie KOMnoHeHTM b oSmeM cjiy^ae 

HeHSBeCTHM. 

§3. AcHMHTOTH^ecKHe npe/ipTaBJieHHii ajireSp BHTTa h 
BHpacopo B MO/iyjiHx BepMa na^ ajireSpoe JIh sl(2, C) 

3.1. AcHMHTOTHKa Qfl;— KOH(|)OpMHbIX CHMMeTpHe B MO/iyjIHX BepMa Vft, 

Ha^ aJireSpoe JIh 5[(2, C) npn qr ^ (h ^ ^) u qr ^ 1 (/i — > 1) h aJireSpa 
BHTTa tn'^. IlycTb 21 — ajireSpa Kone^Hbix jiHHeenbix KOMSHHaixHe Bbipa>KeHHe 
BH;^a f{qp)p^ {n e Z+) hjih q^f{qp) {n e \p,q] = 1, a. f - paniHOHajibHue 

4)yHKn;HH, ^lh anaMeHaTejiH He HMeiOT nyjiee b iiejiBix TOMKax. By^eM nasBi- 
BaTb 21 pacmupeHHoe ajizedpoe BeeAfr. PacniHpeHHaji ajireSpa Beejia HBJiaeTCH 
Tonojiorn^iecKoe ajireSpoe OTHOCHTejibHO ecTecTBeHHoe cxo;i;hmocth. 
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JleMMa. PacmupeHHOsr aAzedpa Beejifr 21 donycKaem moHHoe npedcmaeAenue e 
ModyAe BepMG Vh {h ^ Z/2); 

dg, z. 

IIpu amoM, zenepamopu qn-KOH^opMHUx cuMMempue {k G Z), paeno kqk u 
zenepamopu D, F aAze6pu JIoSaueecKozo-BepesuHa, npuHadAeofcam oSpasy pac- 
mupeuHoe aAze6pu BeeAsr 21. 

By^eM noHHMaTL. b ^ajibneenieM "0-5ojiL.moe" ^jih acHMnTOTHK onepaTO- 
poB B MO^yjiHx BepMa na^ ajireSpoe JIh s[(2, C) c HenojiyrtejiBiMH SKCTpe- 
MajiBHLiMH BecaMH, npHHa;5Jie>Kaiii;Hx pacmnpeHHoe ajireSpe Beejiii (nocKOJib- 
Ky ee npe;];cTaBJieHHfl b Mo;];yjiflx BepMa to^hm mo»;ho OTom^^ecTBJiflTb caMy 
ajireSpy c ee oSpasoM), b CMBicjie TonojiorHH b pacniHpeHHoe ajireSpe Beejia. 

TeopeMa 3A. FeHepamopu qn-Kon^opMHUx cuMMempue e ModyAfrx BepMa Vij^f^ 
(0</i<|) Had aAze6poe JIu sl{2,C) oBpaaymm acuMnmomuHecKoe 'inod 0(h)" 
npedcmaejienue aAzeSpu Bumma tt)*^. 

FeHepamopu q^-KOH^opMHUx cuMMempue e ModyAsrx BepMa Vi±fi (0 < h < 
|) Had aAze6poe JIu si(2,C) maKotce o6pa3yiom acuMnmomuHecKoe 'inod 0{h)" 
npedcmaejienue amedpu Bumma ro^. 

riepBoe yTBep>K^eHHe TeopeMM, HeMe^JieHHO cjic^yiomee h3 hbhofo BH^a 
renepaTopoB g^^— koh(|)opmhL)Ix CHMMCTpHe, Smjio no cy™ ^icjia /toKasano b 
[10], r^e paccMaTpHBajiacL. cooTBeTCTByiomaa "9KcnoHeHii,HpoBaHHaH" Bep- 
CHii. BTopoe eMy nojiHOCTbio no^^oSno. 

SaMenaHue 8. YTBepjit^eHHe TeopeMBi nepecTaeT Sbitl. bbphbim, bjich "O- 
Sojibinoe" paccMaTpHBaeTCH b CMbicjie (cjiaSoe) onepaTopnoe cxo^hmocth 
B npocTpancTBe onepaxopoB b Mo/iyjiax BepMa Vh Ha;; ajireSpoe JIh sl(2, C), 

OTO>K;i;eCTBJieHHbIX C npOCTpanCTBOM 'C[z\ nOJIHHOMOB. 

OxBeT Ha Bonpoc o npH^innax "pacxo>K;i;eHHii" Me>K^ xeopeMoe 3A h saMe- 
MaHHeM 8 saKJiioT^aeTCH b CJie^yiomeM: TOT^Htie npe/iCTaBJieHHH pacniHpeHHoe 
ajireSpbi Beejia ne tojibko ne cymecTByioT npH npe^ejiBHOM snaT^enHH /i = 0, ho 
5y;^yMH nenpepMBHBiMH (b cjia6oe onepaTopnoe TonojiorHH b npocTpancTBe 
Vh) npH Bcex sna^eHHiix napaMexpa h h3 HHTepBajia < fi< |, ne iiBJiiiiOT- 
Cii paenoMepno HenpepuBHUMH na 9tom HHTepBajie. OxMeTHM TaKH<e, mto 
HenpepbiBHbie npe^cTaBJieHMa pacmnpeHHoe ajireSpbi Beejia b Mo^yjiax Bep- 
Ma Vh Ha^ aJireSpoe JIh sl{2, C) npo^oJi»caiOTCH ^o npe^jCTaBJiCHHe neorpa- 
HH^ieHHUMH onepaTopaMH b npocTpancTBax V^^'^ (hjih V^°°*'), h, KaK cjieA- 
CTBHe, He HenpepbiBHbix, ^ito, o^^naKO, THnHMHO ;i;jia xeopHH npe;i;cTaBJieHHe 
ajireSp JIh. 

3.2. On;eHKa "mod T^tS" BToporo ^Jiena acHMnTOTHKH qfi^— koh(})opmhmx 
CHMMCTpHe B Mo^JiHx BepMa Vh Ha^ ajireSpoe JIh sl{2, C) npn qn^ 
(h ^ ^) H npn qji ^ 1 (h ^ 1) h ajireSpa BHpacopo Oir'^. Hpn "rnSpn- 

^HsaiiHH" npHSjiHJKeHHe "mod O^K^)" h "mod ©" naSjiio^aeTca HHTepecHoe 
aBJieHHe "neKOMMyTHpyeMOCTH" oitenoK, npHMep ^eMy npe^ocTaBJiaiOT acHM- 

HTOTHKH qfji— KOH(|)OpMHBIX CHMMeTpHC. 
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TeopeMa 3B. Jl^ff zenepamopoe qn-KOH^opMHUx cuMMempue e ModyAfrx Bep- 
Ma Vi^f^ {0<h< I) Had aAzeSpoe JIu sl(2, C) UMeemcfr CAedyiom,afT acuMnmomuKa 
"mod 0{h^)": 

[Li, Lj] = (i - j)Li+j + hA + 0{h^), 

zde 



A=^{i^ -i)5ij mod US. 



2 

TaKUM o6pa30M, zenepamopu qh-koh^opmhux cuMMempue oBpasyiom npu6AU- 
otceHHoe npedcmaejienue ameBpu Bupacopo t)ir npu h ^ ^ e yKaaannoM cmuc- 
jie. 

Mjiff zenepamopoe q^-KOH^opMHUx cuMMempue e Modyjifrx Bepua Vi±n, (0 < 
fi<\) Had aAzeSpoe JIu sl{2,C) manotce UMeemcsr acuMnmomuKa "mod 0{fT?)": 

[Li, Lj] = {i- j)Li+j + hA + 0{h^), 

zde 

2 

A= ^{i^ -i)Sij mod nS. 

TaKUM o6pa30M, zenepamopu qr-koh^opmhux cuMMempue o6pa3yiom npu6AU- 
DfceHHoe npedcmaeAenue aAzedpu Bupacopo Oir npu h ^ 1 e ynasaHHOM cmucac. 

B yTBep>K;i;eHHH TeopeMbi onemm "mod 0{h?y^ noHHMaiOTCii b CMbicjie c- 
xo;i;hmocth b pacmnpeHHoe ajireSpe Beejiii 21, npn btom T-CS o5o3HaMaeT co- 
BOKynHocTL. 9JieMeHTOB 3Toe ajireSpbi, peajiHsyeMbix onepaTopaMH THJibSep- 
Ta-IIlMH^Ta npH tqt^hom npe^CTaBJieHHH b Mo/iyjiflx BepMa na^ aJireSpoe Jim 
s[(2, C) ^JiH Bcex ^ocTaTOMHo Majibix sHaMeHHe h (hhbimh cjioBaMH, ecjiH tt/j 
- npe^^CTaBJieHHe 21 b V/j h TtSh - npocTpancTBO onepaxopoB FHJibSepTa- 
niMH^^Ta B Vh, TO TiS noHHMaeTCii b xeopeMe b CMucjie 

lim fl 7r^i(7i5,n7r,(2l)), 

ho<h<ho+fi 

r^e ho = ^ HJiH ho = 1). 

PesyjibTaT TeopeMbi 3B cjie^yeT hs hbhi^ix BbraHCJieHHe. IIpHBe^eM bl.imhc- 
jieHHe KOMMyTaTopa [L2,L_2] h ero oiteHKH, KOTopbix ^ocTaTOMHo ^jih on- 
pe;i;ejieHHii ixeHTpajiBHoro 3apii;;a ajireSpLi BHpacopo. Mo^iyjib BepMa Vh 
peajiHSOBan b npocTpancTBe MHoro^JienoB C[z], ^ = zd^, a renepaTopbi qn- 
KOH(|)opMHL.ix cHMMeTpne 3a;i;aiOTCii Bbipa>KeHHiiMH, BLinHcaHHbiMH panee. Tor- 
^a npH h ^ ^ 



[L2,L_, 



. (e+3/i)^(e+l)(^+2) _ (g+3fe-2)^g(g-l) _ 
■ (e+2/i)(e+2/i+l) {^+2h-l){^+2h-2) 

(g+|+3fi)^(g+l)($+2) _ (^-|+3fi)"e(€-l) 



HMeueT MecTO cjie^iomaH onieHKa "mod 0(/i^)" (Hb SHaMenaTejiiix ocTaBJien, 
T.K. npH HyjieBOM h ne onpe^^ejieno npe^^CTaBJienne pacmnpeHHoe ajireSpu 
Beejiii B cooTBeTCTByiomeM Mo^iyjie BepMa): 

[L„L_,] + i + 3^1)^(1 - ^)(i _ _^)_ 

(C- i + 3^)2(1 -^)(1-^) mod Oih'). 
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Bbi^^ejiiiii ^iJieHbi nopii;i;Ka H (nocKOJibKy CTapmne ^ijien nopii^pca e;^HHHii;bi y>Ke 
HSBecTen), nojiy^HM: 

IIpoBe^^eM Tenepb orieHKy "mod 7iS" h nojiy^HM: 

2^^( (g-i+4g+i+^) + im)(l+2+i) ) + i2fi - m - 

8^ + 12fl - 16^ = 4/1. 

TaKHM o5pa30M, "acHMHTOTH^iecKHe" ixeHTpajibHbie sapii^i; pasen 8h. 
AnaJiorHMHO, npH h 1 



. (g+3fc)^(g+l)(^+2) _ (g+3fc-2)^g(^-l) 
■ (^+2h)(^+2h+l) (^+2h-l)(^+2h-2) 

(g+3+3fi)^(g+l)(g+2) _ (g+l+3^)^€(g-l) 



(C+2+2;i)(C+3+2;i) {^+2h)(^+l+2h) ■ 

HMeeT MecTO cjie^yiomaa oiieHKa "mod {h b sHaMenaTejiax ocTaBJien, 

T.K. npH HyjieBOM H ne onpe^ejieno npe^CTaBJieHHe pacmnpeHHoe ajire5pBi 
Beejiii B cooTBeTCTByiomeM Mo;^yjie BepMa): 

[L2,L_2]=(^ + l)(e + 3 + 3;i)(l-^)(l-^)(l+ 3^ ^ 



(e - m + 1 + - - + ?:^) mod oi/i^). 



2fi \ I'-i 2h \ /-I I _3fi_> 

Bbi/iejiaa ^^jieHL.! nopaAKa H (nocKOJiBKy CTapmne ^uien nopa^^Ka efljmvmm y>Ke 

HSBecTen), nojiyMHM: 

m + m + 3)(^ - - +m- ^)i^n e^- 

npoBe;i;eM TenepB oii;eHKy "mod TiS" h nojiy^HM: 

8h + 2(e + - Ste) -8h-4h= Ah. 

TaKHM oSpasoM, "acHMnTOTH^ecKHe" ii;eHTpajibHbie sapa;^ onaTB paBen 8fi. 

SaMenanue 9. OixeHKa "mod 0{h'^)" MO>KeT Slitb yjiyMinena ^o "mod 0{h'^)" 
jlJisi jiioSoro KOHCHHOzo n (ho He ;^o "mod 0{h°°y^ H3-3a nocjie^iyiomee OH;eHKH 

"mod ns''). 

SaMenanue 10. KaK CJie^iyeT h3 pe3yjibTaTOB BToporo naparpa(|)a nepecTanoB- 
Ka nopa^Ka oii;eHOK npHBo;i;HT k nyjiCBOMy ri;eHTpajiBHOMy 3apa;iy p^Jisi ajireSpu 
BHpacopo. 

IIo-BH^HMOMy, HenepecTaHOBOT^HocTb nopa^Ka oiienoK "mod 0{hP')" h "mod 
7i<S" B cjiy^ae qfA— koh(|)opmhbix CHMMeTpne aBJiaexca OTpa>KeHHeM Sojiee o5- 
mero H (|)yH^aMeHTajibHoro (|)aKTa pa3JiH^iHe Me>K;^y acHMHTOTH^iecKoe Teopn- 
ee nceB^o^H{|){|)epeHn;HajiL.HL.ix onepaTopoB h nceB^o^H{|){|)epeHn;HajibHbiM hc- 

MHCJieHHCM Ha aCHMHTOTHHeCKHX MHOrOo5pa3HaX B CMBICJie [27]. 

Otmcthm, mto pesyjibTaT TeopeMbi 3B co^epjKHT CTpannoe coBna^eHHe 
"acHMHTOTH^iecKHx" HiBHTp ajiBHBix 3apa;50B pjiR ajireSpbi BHpacopo npn h — > 
I H /i — > 1 (a HMSHHO, c = 8/i, Q). Bo3MO>KHO, 3TO coBna;i;eHHe oSi^acnaeT- 
ca TBM, MTO npH Bcex sna^enMax aKCTpeMajibHoro Beca h ajireSpa BHpa- 
copo npHcyTCTBycT na ncKOTopoM eme 5ojiee ckpbitom h noKa ne BbiaBJiennoM 
ypoBHC yHHBepcajiBHO (t.c. ee xapaKTepncTHKH ne 3aBHcaT ot h). 
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SciKJiio^eHHe 



B paSoTe Hccjie^oBaHbi pasjiHMHbie npH5jiH>KeHHBie npe^CTaBJieHHa 5ecKo- 
HeMHOMepHMx Z-rpa^yHpoBaHHbix aJireSp JIh: aJireSpbi BHTTa JiopanoBCKHX 

nOJIHHOMHaJIBHBIX BCKTOpHBIX HOJiee Ha OKpy>KHOCTH H 66 OflHOM6pHOrO H6- 

TpHBHaJiBHoro ii;6HTpaJiL.Horo pacmHp6HHH, aJir65pL.i BHpacopo, 56Ckoh6t^- 

HOM6PHL.IMH CKpL.ITL.IMH CHMM6TpHHMH B MOJ^yJIHX B6pMa Ha^ aJir65pOe JIh 

s[(2,C). PaccMOTpeHL.1 KaK acHMHTOTHT^ecKHe npe^CTaBJieHHH "mod O^hP')" h 
npe^CTaBJieHHH c tot^hoctbio j^o onepaTopoB h3 neKOToporo KJiacca (3 (kom- 
naKTHbix onepaTopoB, onepaTopoB THJiBSepTa-IIlMH^Ta hjim onepaTopoB ko- 
He^^Horo panra), TaK h cjiy^aH, coBMeLa;aioLo;He o5a THna npM5jiH>KeHHe (h b 
^aHHOM cjiyMae BbiaBJien a{|)(j[)eKT nenepecTaHOBOMHocTH nopa^Ka hx BBinojiHe- 

HHfl, MTO, nO-BH^HMOMy, CBH^CTe JIBCTByCT O SoJiee oSLtieM H (j)yHflaMeHTaJIB- 

HOM ({)aKTe pasjiHMHe Me>Kfly acHMHTOTHT^ecKoe Teopnee nceB^o^H(|)(|)epeHLi;H- 
ajiBHbix onepaTopoB h nceB^o^H({)({)epeHLi;HajiBHBiM HCMHCJieHHeM na acHMn- 
TOTHT^ecKHx MHorooSpasHHx B cMBicjie [27]). HeKOTopbie npHJio>KeHHH o5cy>i<:- 
^aeMBix BonpocoB k npHKJia^HBiM npoSjieMaM HH({)opMaLi,HOHHBix TexHOJiorHe 
(opraHHsaLiHa nepe^a^^H HH(|)opMaLi,HH b HHTerpHpoBaHHbix BH^eoKorHHTHBHbix 

HHTepaKTHBHblX CHCTCMaX ^JIH yCKOpeHHblX HeBepSaJIBHBIX KOMnL.IOTepHL.IX H 

TejieKOMMyHHKaiiHe) Hayi^ajiHCB b paSoTe [28]. 
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